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A linear program..

Problem description

The ACME company has a project to build at least 900 smart washing machines. The production process
of such devices can be conducted in three different ways : (¢) manually, (i7) semi-automatically, and (i)
automatically. Each of the available approaches involves the allocation of different amounts of human
resources. In particular, the manual production demands 1 minute of qualified work, 40 minutes of non-
qualified work and 3 minutes of assemblage. If the semi-automatic solution would be chosen, 4 minutes
of qualified work, 30 minutes of non-qualified work, and 2 minutes for the assemblage would be required.
Finally, 8, 20 and 4 minutes respectively would be required for the automatic method. ACME has a pool
of 4500 minutes of qualified work, 36000 minutes of non-qualified work and 2700 minutes of assembly.
The production costs of a washing machine are 70 euros if produced manually, 80 euros if produced semi-
automatically, and 85 euros if produced automatically. Each smart washing machine is sold at 130 euros.

From a commercial point of view, the ACME company is interested in one of the following objective

Find the optimal number of washing machines to be produced in order to maximize the profit.
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A linear program..

Problem formulation

The optimization variables of the problem are x,, x5 and x3 which are used to represent the number of
washing machines produced using the manual, semi-automatic, and automatic methods respectively.

[f the company is interested in maximizing profit, then the following optimization problem needs to be solved

max 60x; + 50z + 45x3
b iy [ T i

subject to

1 + x2 + 13 =900
x1 + 4dxo + 8xg < 4500
A0z + 30x5 + 20x4 < 36000 .
3.’]’31 + 2.’1-“2 + 413;; E 2700
I .To,I3 :‘_:’ 0
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A linear program..

Problem formulation

The optimization variables of the problem are x,, x5 and x3 which are used to represent the number of
washing machines produced using the manual, semi-automatic, and automatic methods respectively.

[f the company is interested in maximizing profit, then the following optimization problem needs to be solved

max 60z o0xe + 4dx: : 3
Tq.To.r3 1t 2 3 Does not take into account possible fixed costs related to the

subject to acquisition of new technologies (e.g. installation of semi-

21+ 2o + 23 > 900 automatic and automatic assembling lines)

T + 4.']?2 + 81-‘;; "*'_: 4500
3331 + 2.‘]?2 + 41-‘;; “4_:2?[}0
I .To,I3 :_:’ 0




A linear program..

Problem formulation

The optimization variables of the problem are x,, x5 and x3 which are used to represent the number of
washing machines produced using the manual, semi-automatic, and automatic methods respectively.

[f the company is interested in maximizing profit, then the following optimization problem needs to be solved

J =1} B e,
EE}I‘ﬂz?{I;gE]”Il + 95072 + 453 °if 5 >0 then installation of semi-automatic line is 1000€

subject to . . : SN
e if T3 >1) then installation of the automatic line is 2000€

r + ITo + T3 :_’f:]'ﬂﬂ
T + 4.']?2 + 81-‘;; "*'_: 4500
4[]331 + 3”.‘]?2 + 2[]1-‘;; ""*_: 36000 .
3331 + 2.‘]?2 + 41-‘;; "*'_: 2700
I .To,I3 :_:’ 0
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Problem formulation
The optimization variables of the problem are x,, x5 and x3 which are used to represent the number of
washing machines produced using the manual, semi-automatic, and automatic methods respectively.
[f the company is interested in maximizing profit, then the following optimization problem needs to be solved
W 511 45z . : . ; RARIRS
1111}1‘32‘}{1-36 )21 + 9022 + 4523 *if 19 >0 then installation of semi-automatic line is 1000€
subject to . . : SN
e if 3 >0 then installation of the automatic line is 2000€
r + ITo + T3 :_3’9[;'[}
1 + dxo + 8rg < 4500
311 + 229 + 413 <2700 ow to incorporate logical statements in the optimization:
Iy,T2,T3 :_} 0
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Basic logic concepts

A basic concept used in propositional logic is the statement (a.k.a. atomic proposition)
A statement is either true (T) or false (F).

Compound propositions can be obtained by connecting statements with logical connectives

plg|w|phg|oVe|lp—=gq|peg | 0y
o101 0 0 1 1 0
o111 0 1 1 0 1
L0 0O 0 1 0 0 1
11 0O 1 1 1 1 0

s — - - ————ee e - — e — o — —— e e ————————— =



Equivalences
Statement Equivalent Form Observations
——p e, double negation
P&qg (—pAg) v (ph—g) exclusive OR (either p or g)
—(pV ) —p A g De Morgan’s law
—(p A g —pV g De Morgan’s law
pA(gVr) (oAg) vV (phr) distributive law
oV (ghr) (oVg)AlpVr) distributive law
90— g —p Vg implication (if p then g)
P g (p —g) A (g —p) | equivalence (p if and only if ¢)




Conjunctive Normal Form (CNF)

A CNF is a conjunction of clauses, where a clause is a disjunction of literals




Conjunctive Normal Form (CNF)

A CNF is a conjunction of clauses, where a clause is a disjunction of literals
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Conjunctive Normal Form (CNF)

A CNF is a conjunction of clauses, where a clause is a disjunction of literals

Every propositional formula can be converted into an equivalent formula that is in CNF.
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Conjunctive Normal Form (CNF)

A CNF is a conjunction of clauses, where a clause is a disjunction of literals

Every propositional formula can be converted into an equivalent formula that is in CNF.

Procedure

e Step 1: remove implications

» Step 2: use De Morgan’s law and the double
negation to absorb all «not» into the atomic
statements

« Step 3: use the distributive law to move the
conjunctions out of the statements until each
statement is a clause of pure disjunctions
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Conjunctive Normal Form (CNF)

A CNF is a conjunction of clauses, where a clause is a disjunction of literals

Every propositional formula can be converted into an equivalent formula that is in CNF.

[(p1 Ap2) = (p3 A pa)l

Procedure

e Step 1: remove implications

« Step 2: use De Morgan’s law and the double =(p1 Aps) V (p3 Apa)
negation to absorb all «not» into the atomic 1

statements —p1 VP2 V (p3 Apg)

« Step 3: use the distributive law to move the 1
conjunctions out of the statements until each
statement is a clause of pure disjunctions (7p1 vV =p2 Vip3) A (71 V P2 Vpa)

L s et e bt =TT




Associate to each boolean variable p, a binary integer variable 4;

Translation ot Logic Rules into

Linear Integer Inequalitites

—p; < {0; = 0}

Then, a logic proposition in CNF can be expressed in terms of linear integer inequalities, since

P
Pi vV Py
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Translation of Logic Rules into

Linear Integer Inequalitites

Example: (—p1 V—p2 Vp3) A(—=p1V—p2Vpa)

P
D vV Py

The above proposition is true iff

01 +02—9d3 < 1
01 T02—04 < 1
0123 €40,1}
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Combining logic rules and
continuous data

Consider the quantity Z ar;x; — b which represents the k-th row of Ax-b
jed

Assume this admits both a lower and an upper bound L, < Z apiTi — b, < Up
jeJ

Then, it holds that:

)

5k=1—}zakj$j—bk£0 = Zﬂkaj_bkiUk(l_ék)
' - J

J
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Combining logic rules and
continuous data

Consider the quantity Z ar;x; — b which represents the k-th row of Ax-b
jed

Assume this admits both a lower and an upper bound L, < Z apiTi — b, < Up
jeJ

Then, it holds that:

2

5k: 1 — Za’kj‘rj —bk 2 0 = Zakj:rj_bk 2 Lk(l—(sk)
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Combining logic rules and
continuous data

Consider the quantity Z ar;x; — b which represents the k-th row of Ax-b
jed

Assume this admits both a lower and an upper bound L, < E ap;x; — b < Uy »
- Very small number |
JjeJ Machine precision | |

2.2204 e-16

Then, it holds that:

3) :
5k:1—}zgkj$j—bk<0 = Z&kjl‘j—bkﬂ(Uk'FE)(l—Csk)‘@
. J . J
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Combining logic rules and
continuous data

Consider the quantity Z ar;x; — b which represents the k-th row of Ax-b
jed

Assume this admits both a lower and an upper bound L, < Z apiTi — b, < Up
jeJ

Then, it holds that:

Z

6k=1_}za‘kj$j_bk>05 Zakjmj_bk 2 (Lk—E)(l—(Sk)‘l‘E
. J
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Combining logic rules and

continuous data

Since p <> g = (p — q) A(—p — —q) for the equivalence one gets

0p =1« Zj apjT; < by

0p =1« Zj apjTj = by

0p =1+« Ej ApT; < by

0p =1+« Zjakj:cj > by

—— = =

MM MM MM MM

L

j QkjTj — br < Uk(1 — dk)
pjTj — bk > (Lk — E)(Sk + €

e,

capjr; — b > Li(1 — 6;)
S ARTj — b < (Uk + E)Jk — €

o, R

2
o

zj—b < (Up+e)(L—0) —¢
AT — br. > L0

L .

j QkjTj — br > (Lp —e)(1 —6) + ¢

i ATy — bk § Ukék

Thanks to all these
properties, it is possible to
translate the combination of
logic rules and continuous
information into mixed
integer linear inequalities




Further properties

Bilinear terms

—0, +03 <0,
product between binary variables 33 = 0,0, is equivalent to —d, + 85 <0,

It relies on the introduction of a new binary variable 01+02—03<1.

product between a binary and a continous variable ¢ f(x), wheref:R"— R and d€{0,1}

It relies on the introduction of a new continous variable y éﬁlf[x.}.

y < M, M £max f(x),
The variable y can be expressed in terms of four inequalities y = md o

y <f(x) —m(l =), m2min f(x).

y = f(x) = M(1 = ).
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Back to the example!

Problem formulation

The optimization variables of the problem are x,, x5 and x3 which are used to represent the number of
washing machines produced using the manual, semi-automatic, and automatic methods respectively.

[f the company is interested in maximizing profit, then the following optimization problem needs to be solved

max 60x; 4 50z + 45x3
b iy [ T i

subject to

r + ITo + T3 :_’f:]'ﬂﬂ
T + 4.']?2 + 81-‘;; "*'_: 4500
4[]331 + 3”.‘]?2 + 2[]1-‘;; ""*_: 36000 .
3331 + 2.‘]?2 + 41-‘;; "*'_: 2700
I .To,I3 :_:’ 0

*if 15 >0 then installation of semi-automatic line is 1000€

e if T3 >1) then installation of the automatic line is 2000€

How to incorporate logical statements in the optimization?

{6
o

i S bt e



